We define a new cohomology for associative algebras which we compute for algebras with units.
1 Introduction: Definition of the basic cohomology of an associative algebra
Let A be an associative algebra over K = R or C and let A Lie be the underlying Lie algebra (with the commutator as Lie bracket). For each integer n ∈ N, let C n (A) be the vector space of n-linear forms on A, i.e. C n (A) = (A ⊗ n ) * .
For ω ∈ C n (A) and τ ∈ C m (A) one defines ω.τ ∈ C n+m (A) by:
ω.τ (A 1 , . . . , A n+m ) = ω(A 1 , . . . , A n )τ (A n+1 , . . . , A n+m ), ∀A i ∈ A.
Equipped with this product, C(A) = ⊕ for ω ∈ C n (A), A k ∈ A and where S n is the group of permutations of {1, . . . , n} and C n is the subgroup of cyclic permutations. One has S•d = δ•S where δ is the Chevalley-Eilenberg differential so (Im S, δ) is a differential algebra whose cohomology is the Lie algebra cohomology H(A Lie ) of the Lie algebra A Lie [3] , [6] , [5] . On the other hand, see Lemma 3 in [4] part II, one
is a complex whose cohomology is the cyclic cohomology H λ (A) of A up to a shift −1 in degree [4] , (it is worth noticing, and this is not accidental, that the same shift occurs in the Loday-Quillen theorem [7] ).
We want now to point out that there is another natural non-trivial cohomology which may be extracted from the differential algebra C(A). This cohomology is connected with the existence of a canonical operation, in the sense of H. Cartan [2] , [5] , of the Lie algebra A Lie in the graded differential
an antiderivation of degree −1 of C(A) and one has, with ] which are the relations which characterize an operation of A Lie in C(A). Notice that then, for A ∈ A, the derivation L A of degree 0 of C(A) is given by 
PROPOSITION 1 If A has a unit, then one has
Proof. Let 1l be the unit of A and let us define for n ≥ 1
for ω ∈ C n (A) and A i ∈ A. One has (dh + hd)ω = ω and (L A h − hL A )ω = 0 for ω ∈ C n (A) and A ∈ A. It follows that h is a contracting homotopy for
, which proves the result. The basic cohomology H B (A) is however non-trivial. In fact it is already non-trivial for A = K .
PROPOSITION 2
The basic cohomology H B ( K ) of K is the free graded commutative algebra with unit generated by an element of degree two;
and H B ( K ) identifies to the algebra
Proof. C( K ) can be identified to K [X] and coincides with C I ( K ) since
One has i 1 = 0 on the elements of even degrees and i 1 = 0 on the non-vanishing elements of odd degrees.
It is worth noticing here that one has C In the next section we shall compute H B (A) for an arbitrary associative K -algebra A with unit.
Computation of the basic cohomology of unital algebras
In this section, A is an associative K -algebra with a unit denoted by 1l.
denote the space of ad*-invariant homogeneous polynomials of degree n on the underlying Lie algebra A Lie of A. We shall prove the following theorem which generalizes the proposition 2 of §1. In order to prove this theorem, we shall need some constructions used in equivariant cohomology [1] . Let P m,n denote the space of homogeneous poly-
is an associative bigraded algebra in a natural way. One defines the total degree of an element of P m,n to be 2m + n ; P is a graded algebra for the total degree and C(A) = ⊕ n P 0,n is a graded subalgebra of P. The composition with the differential d of C(A) is a differential, again denoted by d, of the graded algebra P which extends the differential d of C(A) . One has dP m,n ⊂ P m,n+1 . By using the operation A → i A , one can define another differential, δ, on P. Namely if ω ∈ P is the polynomial mapping A → ω A of
. One has δP m,n ⊂ P m+1,n−1 so δ is of total degree 2 − 1 = 1 and the fact that δ is an antiderivation satisfying δ 2 = 0 follows from the fact that,
As a vector space, P m,n can be identified to the subspace of elements of C m+n (A) which are symmetric in their m first arguments: For ω ∈ P m,n ,
Let I ,\ denote the subspace of P m,n consisting of the ω ∈ P m,n such that
subalgebra (also a bigraded subalgebra in the obvious sense) of P which is stable by d and δ and, furthermore, d and δ anticommute on I.
Notice that one has
The algebras P and I are bigraded and d and δ are bihomogeneous, therefore the d and the δ cohomologies of P and I are also bigraded algebras. By using composition with the homotopy h of the proof of proposition 1 and by noticing that I is stable by this composition, one obtains the following generalization of proposition 1.
PROPOSITION 3
One has H m,n (P, d) = 0, H m,n (I, ⌈) = ′ for n ≥ 1 and
Concerning the cohomology of δ one has the following result
Proof. The last part of the proposition (m = 0) is obvious since one has
. Therefore from now on, assume that one has m ≥ 1. Define a linear mapping ℓ of P in
for ω ∈ P m,n . One has (δℓ + ℓδ)ω = mω + Hω where Hω is given by
. . , A n , then Hω = nω and therefore ℓ gives an homotopy for such ω.
The following lemma, which is a combinatorial statement in the algebra of the permutation group, will lead to an homotopy for the general case. The proof of this lemma (which is probably known) will be given in appendix.
LEMMA 1 One has on
Let ω ∈ P m,n with m ≥ 1 be such that δω = 0. Then δℓω = mω + Hω, so one also have δHω = 0 and, by induction, δH p ω = 0 for any integer p; i.e. one has δP (H)ω = 0 for any polynomial P . Define ω r ∈ P m,n , for r = 1, 2, . . . , n,
One has δℓω r = mω r + Hω r = (m + n − r − 1)ω r + ω r+1 , i.e.
for r ≤ n − 1. This implies that
On the other hand, it follows from the lemma and the previous discussion (antisymmetry) that ω n = δℓ( where Z m,n (δ|d) is the space of the α m,n ∈ I m,n for which there is an α m+1,n−2 ∈ I m+1,n−2 such that δα m,n +dα m+1,n−2 = 0 and where B m,n (δ|d) = δI m−1,n+1 + dI m,n−1 (⊂ I m,n ). With these notations, one has the following result.
PROPOSITION 5 One has the following isomorphisms:
Proof. Let α m,n ∈ I m,n be a δ-cocycle modulo d, i.e. there is a α m+1,n−2 ∈ I m+1,n−2 such that δα m,n + dα m+1,n−2 = 0. By applying δ, one obtains On the other hand, if α 0,n ∈ I 0,n is a δ-cocycle modulo d, i.e. δα 0,n +dα 1,n−2 = 0 then dα 0,n ∈ C n+1 I (A) is a basic cocycle of A i.e. dα 0,n ∈ Z n+1 B (A) and if α 0,n is exact, i.e. α 0,n = dβ 0,n with β 0,n ∈ I 0,n , then dα 0,n = 0. Therefore, with obvious notations, one has a linear mapping d
one has dδα 0,n = 0, which implies that α 0,n is a δ-cocycle modulo d if n ≥ 2 (by proposition 3). Thus d ♯ is surjective for n ≥ 2 and one obviously has
Applying this for n ≥ 4 and the previous results, one obtains isomorphisms:
Thus, to achieve the proof, it remains to show that one has: This proves of course Theorem 1, but it is worth noticing that in the above proof there is also a computation of the δ-cohomology modulo d of I.
Sketch of another approach: Connection with the Lie algebra cohomology
There is another way to study the basic cohomology of A which connects it with the Lie algebra cohomology of A Lie : It is to study the spectral sequence corresponding to the filtration of the differential algebra C(A) associated to the operation i of the Lie algebra A Lie in the differential algebra C(A), [5] .
This filtration F is defined by
One has
and 
Appendix: Proof of Lemma 1
Let S n be the group of permutations of {1, . . . , n}.
In the algebra of this group, let us define the antisymmetrisation operator With these definitions, one has the following result:
LEMMA For any 1 ≤ k ≤ n − 1,
Proof.
HH ( Now, define π ′ = γ p π ∈ S n ; one has ε(π ′ ) = (−1) p+1 ε(π).
For p ≤ k, one has π ′−1 (q) = π −1 (q) for any k + 1 ≤ q ≤ n.
So, in the first summation, for a fixed p, the sum over the π ∈ S n such that π −1 (k + 1) < . . . < π −1 (n) can be replaced by the sum over the π ′ ∈ S n such that π ′−1 (k + 1) < . . . < π ′−1 (n). Thus 
